Context. We present the physical and chemical properties of intermediate-mass stars models of low metallicity, evolved along the thermal pulse phase. Aims. The target of this work is to extend to low metallicities, Z=1,2 and 6 × 10 −4 , the models previously computed for chemistries typical of Globular Clusters of an intermediate metallicity (Z=0.001), and for the most metal-rich clusters found in our Galaxy (Z=0.004); the main goal is to test the self-enrichment scenario also for metal poor Globular Clusters Methods. We calculated three grids of intermediate-mass models with metallicities Z = 10 −4 , 2 × 10 −4 , and 6 × 10 −4 ; the evolutionary sequences are followed from the pre-main sequence throughout the AGB phase, almost until the ejection of the whole envelope. We discuss the chemistry of the ejecta, and in particular the mass fractions of those elements that have been investigated during the many, deep, spectrocopic surveys of Globular Clusters Results. Although the data for oxygen and sodium are scarce for low metallicity Globular Clusters, the few data for the unevolved stars in NGC 6397 are compatible with the models. Further, we find good agreement with the C-N anticorrelation of unevolved stars in the cluster M15. In this cluster, however, no stars having low oxygen ([O/Fe]∼ −1) have been detected. The most massive, very metal poor clusters, should contain such stars, according to the present models. At the lowest metallicity Z = 10 −4 , the ejecta of the most massive AGBs have C/O> 1, due to the dramatic decrease of the oxygen abundance. We discuss the possible implications of this prediction.
Introduction
In the last decades, the evolution of massive Asymptotic Giant Branch stars (AGB, i.e. stars with masses 4M ⊙ ≤ M ≤ 7M ⊙ during the thermal pulses phase) has been the subject of extended investigations by several research groups, as they were suggested to be the main responsible for the star-to-star differences in the surface chemistry of Globular Clusters (GC) stars. GC stars exhibit considerable differences in the surface abundances of the "light" elements (A<30) (Kraft 1994) , showing well defined abundance patterns, that involve all the species up to aluminum (see Carretta 2006 for a review on this topic). The idea that these apparent anomalies were formed "in situ" by some non canonical extra-mixing from the bottom of the convective envelope during the Red Giant Branch (RGB) evolution (Denissenkov & Weiss 2001) was frustrated by the discovery that even cool structures like Send offprint requests to: P. Ventura Turn-Off (TO) or SubGiant Branch (SGB) stars showed the same patterns , thus indicating that the current observed surface chemical compositions were essentially the same with which the stars formed. This opened the way to "self-enrichment" scenarios: the stars with the anomalous chemistry (second generationhereinafter SG-stars) formed in an interstellar medium polluted by the winds of an earlier generation of stars (the first generation or FG). Either the winds from massive AGBs (Cottrell & Da Costa 1981; Ventura et al. 2001) or those from fast rotating massive stars (Prantzos & Charbonnel 2006) have been proposed as progenitors of the SG; the latter scenario is described in detail in Decressin et al. (2007) and references therein; here we follow the first hypothesis. The massive AGBs evolve at very short ages (∼ 40 − 100Myr) compared to the typical ages of GCs (∼ 10 − 15Gyr) and achieve, at the bottom of their surface convective zone, a very advanced nucleosynthesis (Hot Bottom Burning, hereinafter HBB, Blöcker & Schönberner 1991; D'Antona & Mazzitelli 1996) , the products of which would be carried to the surface by the convective currents (Ventura et al. 2001) : the medium in which this generation of stars evolved would thus show the signature of such nucleosynthesis, because the low velocities (∼ 10 − 20Km/s) of these winds allow them to be kept inside the cluster. If the Initial Mass Function (IMF) of the FG is standard (e.g. a Salpeter (1955) or Kroupa et al. (1993) IMF), the gas contained in the massive AGB ejecta is too scarce to give origin to a SG containing the large fraction of today's cluster stars shown from observation. Therefore, it has been suggested that most of FG stars have been lost, as confirmed by some dynamical and N-body models (D'Ercole et al. 2008) or that the GC has collected the AGB gas from a much larger environment, e.g. if it was born in a dwarf galaxy that today is dispersed (Bekki & Norris 2006 , Renzini 2008 . A robust prediction from stellar evolution models is that the ejecta from massive AGBs, like those from massive stars (Smith 2006) , are expected to be helium-rich. The existence of a helium-rich population (Y > 0.30) provides an appealing explanation for the existence of some GCs with Horizontal Branches (HBs) showing an extended blue tail . This idea has been elaborated in many subsequent works (e.g. D 'Antona & Caloi 2004 , Lee et al. 2005 , 2007 , Busso et al. 2007 , D'Antona & Caloi 2008 . The presence of a fraction of stars enriched in helium has been inferred also by the presence of a blue main sequence in ωCen (Bedin et al. 2004; Norris 2004; Piotto et al. 2005) , and in NGC 2808 (Piotto et al. 2007 ).
However, the debate concerning the possible role that massive AGBs may have played in the self-enrichment scenario is still open, because AGB modelling proves to be one of the most delicate and uncertain tasks in the whole context of stellar evolution. This is the reason why results presented by the various groups working on this topic are sometimes extremely different, leading to opposite conclusions concerning many physical and chemical properties of the evolution of this class of objects (Denissenkov & Herwig 2003; Fenner at al. 2004; Karakas & Lattanzio 2007, KL07; Ventura et al. 2001) . Ventura & D'Antona (2005a,b; 2006) showed that the discrepancies in the results obtained by the various investigators are a mere consequence of the different description which they make of some physical phenomena. More in details, Ventura & D'Antona (2005a) showed that the efficiency of the convective model adopted may change substantially the evolution of the main physical properties of these stars, e.g. the duration of the whole AGB phase, the maximum luminosity reached, and the degree of nucleosynthesis achieved at the bottom of the convective envelope. The main two arguments against the selfenrichment scenario raised by some investigators, namely that the winds of even the most massive AGBs should show only a modest extent of oxygen depletion and a great enhancement of the overall CNO abundances (Fenner at al. 2004 ), at odds with the observational evidence (Ivans et al. 1999) , are entirely due to the use of the Mixing Length Theory (MLT, Vitense 1953) ; when the Full Spectrum of Turbulence (FST, Canuto & Mazzitelli 1991) approach is used to model convection, a much stronger HBB and a much smaller CNO enhancement is found (Ventura & D'Antona 2005a) .
The uncertainties associated with mass loss prove to have a smaller impact on the results obtained, as extensively discussed in Ventura & D'Antona (2005b) . Ventura & D'Antona (2008a,b) presented their most recent and updated AGB models to test the selfenrichment scenario in the cases of GCs of intermediate (Z=0.001) and higher (Z=0.004) metallicities. These works were a more systematic treatment of this issue, aimed at integrating their qualitative approach discussed in D' Antona & Ventura (2007) , limited only to the Z=0.001 case. The main results of these investigations were that the most massive FST AGB models (M ∼ 5 − 6M ⊙ ) produce ejecta whose chemical composition is in agreement with the abundance patterns observed in TO and SGB stars in GCs, in terms of oxygen-sodium, oxygen-aluminum, and carbon-nitrogen anticorrelations. These results require a choice of the nuclear cross-sections involving proton captures by 22 Ne, 23 Na, 25 Mg and 26 Mg nuclei, within the range allowed by the uncertainties (Hale et al 2002; . The most extreme anomalies, observed only in low gravity giants, can be explained on the basis of a possible non canonical extra-mixing during the RGB phase, that could be favoured by the lower height of the entropy barrier at the hydrogen-helium interface expected in the stars belonging to the SG (D'Antona & Ventura 2007) .
The aim of this work is to extend to lower metallicities the results of the above mentioned investigations. To this scope we calculated new evolutionary sequences for models of intermediate mass with metallicities Z = 10 −4 , 2×10 −4 , 6 × 10 −4 . These computations complete the theoretical framework concerning massive AGBs with chemistry typical of GC stars, and allow to begin to test the validity of the self-enrichment scenario in the case of the most metal-poor GCs, comparing the chemistry of the theoretical ejecta of these models with the abundance patterns shown by the spectroscopic investigations of the GCs M15 (Sneden et al. 1997 , Cohen et al. 2005 ) and NGC 6397 (Carretta et al. 2005) .
The paper is organized as follows. Sect.2 describes the physical and chemical ingredients used to calculate the evolutionary sequences. The physical properties of the models are presented in Sect.3. The chemical content of their ejecta, and its dependence on mass and metallicity, is discussed in Sect.4, and compared with the observations in Sect.5.
The physical and chemical inputs
All the evolutions presented in this work have been calculated by means of the ATON code for stellar evolution, with the numerical structure described in details in Ventura et al. (1998) . We adopt the latest opacities by Ferguson et al. (2005) at temperatures lower than 10000 K and the OPAL opacities in the version documented by Iglesias & Rogers (1996) . The mixture adopted is alphaenhanced, with [α/Fe] = 0.4 (Grevesse & Sauval 1998) . The conductive opacities are taken from Poteckhin (2006, see the web page www.ioffe.rssi.ru/astro/conduct/), and are harmonically added to the radiative opacities. Tables of the equation of state are generated in the (gas) pressure-temperature plane, according to the latest release of the OPAL EOS (2005), overwritten in the pressure ionization regime by the EOS by Saumon, Chabrier & Van Horn (1995) , and extended to the high-density, high-temperature domain according to the treatment by Stoltzmann & Blöcker (2000) . Convection was modelled according to the FST prescription. Mixing of chemicals within convective zones has been treated as a diffusive process. We follow the approach by Cloutman & Eoll (1976) , solving for each chemical species the diffusive-like equation:
where D is the diffusion coefficient, for which, given the convective velocity v and the scale of mixing l, a local approximation (D ∼ 1 3 vl) is adopted. The borders of the convective regions are fixed according to the Schwarzschild criterium. We considered extra-mixing from all the formal convective boundaries up to the beginning of the AGB phase: convective velocities are assumed to decay exponentially with an e-folding distance described by the freeparameter ζ, that was set to ζ = 0.02, according to the calibration provided in Ventura et al. (1998) , where the interested reader can also find a complete discussion regarding the variation of the convective velocities in the proximities of the convective borders. No extra-mixing was assumed during the whole AGB phase: these results provide therefore a conservative estimate of the extent of the Third Dredge-up following each thermal pulse.
Mass loss was described according to the Blöcker (1995) formulation, that is more accurate than the basic Reimer's recipe to describe the steep increase of mass loss with luminosity as the stars climb the AGB on the HR diagram. The full expression iṡ
where η R is the free parameter entering the Reimers' prescription, for which we used η R = 0.02, according to the calibration based on the luminosity function of lithium rich stars in the Magellanic Clouds given in Ventura et al.(2000) . The nuclear network includes 30 elements (up to 31 P) and 64 reactions, a full list of which can be found in Ventura & D'Antona (2005a) . The relevant cross sections are taken from the recommended values pf the NACRE compilation (Angulo et al. 1999) , with only the following exceptions:
1.
14 N(p,γ) 3. The physical properties of the low Z AGB models
The models presented here were calculated assuming metallicities Z = 2×10 −4 and Z = 6×10 −4 . The mixtures are assumed to be alpha-enhanced, with [α/F e] = +0.4, so these two chemical compositions correspond, respectively, to [Fe/H]=-2.3 and [Fe/H]=-1.83, thus encompassing the chemistry of the most metal poor GCs. We have also computed a set of models with metallicity Z = 10 −4 , to allow a direct comparison with the metal poor models by Karakas & Lattanzio (2007) and Herwig (2004) .
The main physical properties of the models for the various metallicities are reported in Table 1 . We also show the results by Ventura & D'Antona (2008a) for Z = 10
and Ventura & D'Antona (2008b) for Z = 4 × 10 −3 . The columns in the table indicate the initial mass of the model, the duration of the two core nuclear burning phases, the core mass at the beginning of the AGB phase (when the hydrogen shell is extinguished after the exhaustion of the central helium), the maximum luminosities and the maximum temperatures at the bottom of the convective envelope reached during the AGB phase, the number of thermal pulses experienced by the star before all the envelope is lost, and the maximum value of the third dredge-up (hereinafter TDU) parameter λ, defined as the ratio between the mass dredged up in the after-pulse phase and the increase of the core mass (due to the outwards advancing of the CNO burning shell) from the previous pulse.
For a given initial mass M, we see from the 4th column of Table 1 that the core mass increases with decreasing Z, a well known result of the stellar evolution theories; we note a very small difference between the Z = 10 −4 and Z = 2 × 10 −4 sets of models. Fig.1 shows that, independently of the metallicity, during the AGB phase the models follow approximately the same relationship between the core mass at the beginning of the AGB phase (M C ) and the maximum luminosity reached (L max ) in almost all the range of M C s spanned by the models; fig.1 shows indeed a flattening of the M C − L max trend at the lowest metallicities, whereas the higher Z models follow a steeper behaviour. This result can be understood on the basis of the variation with Z of the mass fraction of the chemical species involved in the CNO cycle, which becomes particularly relevant whenever strong HBB conditions are reached, for large M: the "extra-luminosity" gained by the star as a consequence of the proximity of the bottom of the convective envelope to the CNO shell peak (Ventura & D'Antona 2005a) grows with the mass fractions of the CNO elements, hence with Z. This is also the reason why, for the masses very close to the limit for carbon ignition (∼ 6M ⊙ in the present investigation), the common behaviour that low Z models Fig. 1 . Variation of the maximum luminosity attained by the AGB models as a function of the core mass at the beginning of the AGB phase, when the CNO shell is extinguished after the core He-burning phase Fig. 2 . The variation of the maximum temperature attained at the bottom of the convective envelope of the AGB models of various metallicities as a function of the maximum luminosity reached attain larger luminosities for a given initial mass is reversed, as we can see from columns 1 and 3 of Table 1 ; the 6M ⊙ model of metallicity Z = 10 −3 reaches a higher luminosity than its lower Z counterparts, despite having a smaller core mass.
The main difference among the various sets of models presented here is the temperature at the bottom of the convective envelope: fig.2 shows that for a given luminos- Fig. 3 . Variation with the initial mass of the total number of thermal pulses experienced by AGB models before the envelope is lost ity the low Z models are hotter. This behaviour is again a consequence of the smaller mass fractions of the CNO elements for lower Z, that requires a higher temperature in the shell to reach the same luminosity.
We conclude this analysis discussing the number of thermal pulses (NTP) experienced by the various masses, shown as a function of the initial mass in fig.3 . For a given mass M, NTP diminishes with Z, as it should be expected because higher Z models have larger radii, thus suffer a stronger mass loss, that reduces the number of TPs. The main difference among models with different Z is the general trend of the M-NTP relationship: in the lower Z models NTP grows with mass in the whole range of masses investigated, whereas in the intermediate Z case NTP reaches a maximum around 4.5-5M ⊙ and declines with increasing M, because of the larger luminosities reached by the higher Z models for the largest masses, that determines an increase of the mass loss rate.
We therefore find an important difference between the evolutionary properties of high mass models of low and intermediate metallicity. Low Z models are expected to undergo a more advanced nucleosynthesis at the bottom of their outer convective zone, and to experience more TPs.
The chemical yields
The chemistry of the ejecta of the AGBs is essential to understand the role that these stars may play in the context of the pollution of the interstellar medium; a comparison between the individual abundances of the mass ejected during their evolution and the chemical composition of the stars in GCs with the anomalous chemistry provides a good test of the reliability of the self-enrichment scenario. Columns 3 to 8 of Table 2 contain the average abundance ratios of the elements mostly investigated in the spectroscopic surveys of GCs, in terms of the quantity [X/Fe]=log(X/Fe) − log(X/Fe) ⊙ . The isotopic magnetic ratios of the ejecta are indicated in columns 11 and 12. R(CNO) (shown in col.9) represents the ratio between the global C+N+O abundance of the ejecta and the initial value at the beginning of the evolution, whereas C/O (col.10) indicates the ratio between the carbon and the oxygen abundance. The table also includes the results for higher Z models presented in Ventura & D'Antona (2008a;b).
The CNO elements
We start our analysis by examining the abundances of the CNO elements, that during the AGB evolution are modified at the surface of the stars by TDU and HBB.
The two panels of fig.4 show 12 and 14 N in the ejecta of our models, as a function of the initial mass M of the star, for the 5 metallicities discussed. We also report the values obtained by Herwig (2004) (hereinfter H04) and by Karakas & Lattanzio (2007) to allow a comparison with sets of models provided by different groups: these models have a metallicity Z = 10 −4 . 
The full triangles indicate the yields by KL07, whereas the open squares refer to the results by Herwig (2004) [C/Fe] is large for low masses, because of the increase of the carbon abundance due to the occurrence of the TDU. The trend with mass is negative, because the smaller is the mass of the envelope, the larger is the increase of the carbon mass fraction as a consequence of the TDU. More massive models achieve more easily HBB conditions, with the consequent depletion of the envelope 12 due to proton captures at the bottom of the external convective zone; for masses close to the limit for carbon ignition [C/Fe] is negative (see col.8 of Table 1 ).
When comparing in fig.4 the lines corresponding to different metallicities, we see that [C/Fe] increases as Z diminishes: this is a consequence of the fact that the same quantity of carbon dredged-up to the surface determines a larger increase of the carbon mass fraction in the envelope of the low Z models. The number of TPs and the efficiency of the TDUs are not relevant in determining the differences observed (see Table 1 ). The differences among the various metallicities vanish at the largest masses, where all sets of models tend to a limit value of [C/Fe]∼ −0.7, independently of Z. In these stars TDU is practically not operating, and strong HBB favours carbon destruction, for all Z's; the stronger depletion of carbon that is found at low Z's at the beginning of the AGB phase (due to the higher T bce 's) is counterbalanced by the larger carbon equilibrium abundances expected when the full CNO cycle is activated.
[N/Fe] shows a trend with mass that is similar to [C/Fe] (see the right panel of fig.4 
), because
14 N is produced at the bottom of the envelope via proton capture by 12 nuclei; we recall that nitrogen production requires only mild HBB conditions, with no necessity of activating The interpretation of the average oxygen abundance ratios of the ejecta, shown in the left panel of fig.6 , and of their trend with mass and metallicity, is less straightforward than for carbon and nitrogen. Oxygen is dredged-up in the phases following the TPs only when the TDU is very efficient; HBB leads to oxygen depletion, but, unlike carbon, this holds only when the full CNO cycle is activated at the bottom of the convective envelope, when the temperature exceeds ∼ 70 − 80MK. Both factors explain while in all cases [O/Fe] decreases with increasing mass, and becomes negative for the most massive models. For the lowest masses of our samples, for which TDU is the main cause of the change of the surface oxygen, [O/Fe] increases as Z decreases, for the same reasons outlined above. On the other hand, when M increases, the higher temperatures at the bottom of the envelope attained by the low Z massive models leads to a stronger depletion of the surface oxygen; this is enhanced by their lower mass loss rates, because, unlike their higher Z counterparts, they start loosing most of the mass of their envelope when the surface oxygen abundance has already In this case, at odds with what found for carbon and nitrogen, the oxygen yields varies with Z even for large masses, because in the low metallicity, massive models we expect a very strong depletion of the surface oxygen, so that the overall reduction factor is almost a factor ∼ 10 larger in the Z = 10 −4 models compared to the Z = 10
case.
The sum of C+N+O abundances of the ejecta, shown in the 9th column of Table 2 , diminishes with mass, as a consequence of the smaller impact of the TDU for the highest masses, and approaches unity for the most massive models; this behaviour is independent of Z. The C/O ratio, reported in the 10th column of Table 2 , is more sensitive to Z, and tends to decrease with metallicity. For small masses, HBB is negligible, and the stronger impact of the TDU in the low Z models favours a higher C/O ratio (see both panels of fig.4) ; for the masses close to the limit for carbon ignition, the very strong depletion of oxygen found in the low metallicity models (see the left panel of fig.6 ) leads to C/O ratios sligthly below unity for Z ≥ 2 × 10 −4 , and C/O > 1 at Z = 10
is the threshold metallicity below which O-poor yields, leading to the situation where C/O exceeds unity at the surface, are to be expected.
We conclude this discussion with a comparison of our yields with those by KL07 and H04. We see from fig.4 and 6 that our CNO abundances are sistematically lower than those by KL07, so we find a much greater CNO enhancement when the KL07 models are adopted; also, [C/Fe] is always positive in the KL07 case. The key role in this context is played by the treatment of convection: in the models presented here convection was modelled according to the FST treatment, whereas the KL07 models were calculated by means of the MLT description, that provides a much less efficient description of the convective instability. As discussed in Ventura & D'Antona (2005a) , a more efficient convection model favours larger temperatures at the bottom of the convective envelope, larger luminosities, shorter life-times, and a faster loss of the mass of the envelope. The above explanation likely leads to the situation observed, where the KL07 models experience more TPs than our models. For example, our 3, 4, and 5M ⊙ Z = 10 −4 models experience, respectively, 24,32,41 TPs, compared to the 40,76 and 138 TPs suffered by the same masses by KL07. The TDU episodes following these TPs results in large amounts of carbon being dredged-up to the surface, with the consequent increase of the abundances of all the CNO elements. The difference between our yields and those by KL07 increases with mass, because the higher temperatures attained at the base of the convective envelope lead, for a given mass, to a more efficient HBB.
The C and N yields by H04 are lower than those by KL07, because the H04 models experience a much smaller number of TPs due to the higher mass loss rate adopted (that is a Blöcker (1995) law, enhanced by a factor 5 compared to ours), thus reducing the amount of carbon that is dredged-up to the surface (and that can be eventually converted to nitrogen). Compared to ours, the CN H04 yields are higher, the difference increasing with mass, because of the stronger HBB conditions experienced by our models at a given mass (for example, the average temperature at the bottom of the convective envelope for the 6M ⊙ model is 120MK in our case, and 100MK in H04). The difference in the oxygen yields (see the left panel of fig.6 ) also increases with mass between us and H04 models. In the interpretation of the differences between our results and those by H04, it is important to stress that the different efficiency of the TDU plays also a role: in our models no extra-mixing is assumed from the bottom of the convective envelope, whereas an exponential overshooting is adopted in the H04 models.
The differences due to the metallicity and to the treatment of convection can be more easily understood when the yields of the models are shown on the C-N plane; this will also be of help when discussing the self-enrichment scenario on the basis of the observed C-N abundances of SGB stars in M15. The [N/Fe] values of the 5 sets of models discussed here and the KL07 models are shown as a function of [C/Fe] in fig.5 . We note that all the models trace approximately a straight line in the C-N plane, to confirm that CN cycling operates at the bottom of the envelope. The KL04 models are located in the right-upper portion of the plane, whereas our models occupy the lower region. In agreement with the discussion following the presentation of the carbon and nitrogen yields, we find that, independently of Z, all the curves corresponding to the different metallicities converge to the same locus on the plane, that is ([C/Fe],[N/Fe])∼ (−0.7, 1.3). This does not hold for the KL07 models, for which a minimum increase of carbon and nitrogen of, respectively, a factor of ∼ 20 and ∼ 1000 are found.
Sodium
The sodium content of the ejecta of AGBs is an essential result in the way to understand the star-to-star differences of the GCs stars in the context of the self-enrichment scenario: the oxygen-sodium anticorrelation is by far the most investigated anticorrelation that was confirmed by deep spectrospic analysis performed on many GCs (Carretta et al. 2006) .
The surface abundance of sodium is determined by the two processes that change the surface chemistry of AGBs. TDU tends to increase the surface sodium mass fraction via dredging-up of 22 Ne from the ashes of the 3α burning shell; HBB favours a further increase of the surface sodium as far as the temperature at the bottom of the envelope does not exceed ∼ 70MK, above which the destruction channels dominates. These considerations allow us to understand the tracks shown in fig.7 , that show the content of sodium (in terms of [Na/Fe]) as a function of the initial mass of the ejecta of the various sets of models presented here; we also show the results by KL07 and H04.
The negative trend of [Na/Fe] vs M found for all Z's can be explained, as it was for the carbon and oxygen, by the fact that in the lowest masses models we see mainly the effects of TDU, acting to enhance the surface sodium, whereas at large M's HBB is the dominant mechanism, leading to smaller sodium contents the larger is the tem- Fig. 7 . The sodium content of the ejecta of the AGB models as a function of the carbon content. The meaning of the different labels is the same as in fig.4 . perature at the bottom of the convective envelope. As for oxygen, we do not find a monotomic behaviour with Z, because for low metallicities the bottom of the surface convective zone of massive AGBs becomes so hot to favour sodium depletion.
The comparison of our results with the yields by KL07 confirms that it is the temperature in the innermost layers of the outer convective zone to drive physically and chemically the evolution of AGBs. KL07 sodium yields are sistematically higher than ours, due to the more numerous TDU episodes, that carries to the surface more 22 Ne, available to be converted into sodium during the quiescent CNO burning phase; the milder efficiency of HBB prevents the strong depletion of the surface sodium in the more massive models found in our computations.
Our sodium yields are more similar to those by H04; the slope of the [Na/Fe]vs. mass relation is steeper in our case, due to the strong sodium depletion achieved in our high mass models.
Before proceeding further, it is mandatory to remember that, unlike the CNO elements, the reliability of the results obtained for sodium is extremely low, because the cross-sections of the three key-reactions relevant to determine the sodium yield, i.e. the creation channel 22 Ne(p,γ) 23 Na, and the two destruction channels 23 Na (p,γ) 24 Mg and 23 Na(p,α) 20 Ne, are uncertain by up to 3 orders of magnitude (Hale et al.2002; . Ventura & D'Antona (2008a) showed that according to the crosssections adopted, the average sodium mass fraction of the yields of their most massive intermediate metallicity AGB models would be increased or diminished compared to the initial abundance (see their fig.9 ). A more detailed investigation on this topic was made by Izzard et al. (2007), who showed that the sodium yields of AGB models of low metallicity was highly uncertain, and that the poor knowledge of the cross-sections of the relevant proton capture reactions determine an uncertainty associated to the expected sodium yield of the order of ∼ 10 − 100.
Aluminum
Aluminum is seen to correlate with sodium and to be anticorrelated to oxygen and magnesium in stars belonging to GCs where clear star-to-star differences are observed. Among all the light elements involved in the commonly studied abundance patterns, aluminum is the species showing the largest spread, the maximum detected abundances being of the order of [Al/Fe]∼ 1 in all the stars showing a great depletion of oxygen and an enhancement of sodium. Gratton et al. (2001) , in an analysis of the surface chemistry of TO and SGB stars in the GC NGC 6752, found stars with [Al/Fe]=1. A similar aluminum enhancement was also detected by Sneden et al. (2004) Aluminum is produced in AGBs by HBB via the activation of the Mg-Al chain; this requires temperatures of the order of 80MK. TDU also determines an indirect aluminum enhancement, because the two magnesium isotopes produced in the 3α burning shell are convected to the surface, where they synthesize aluminum via proton capture. Ventura & D'Antona (2008a) found that, when the upper limits for the cross-sections of the proton capture reactions by the heavy magnesium isotopes are adopted, the most massive among their AGB models of intermediate metallicity produce great amounts of aluminum, with an average increase of a factor ∼ 10, in agreement with the observations of GCs of that chemistry, like M3 and M13 (see the corresponding lines in Table 2 ). The results by Ventura & D'Antona (2008b) (obtained by using the same upper limits for the above mentioned proton capture reactions, as also in the present investigation) confirmed the possibility of producing aluminum at the surface of massive AGBs also for more metal rich models, though in this case the maximum enhancement found was [Al/Fe]∼ 0.7.
The present results confirm the outcome of the above mentioned investigations, as can be seen by noting the results concerning the magnesium and aluminum yields in Table 2 . Here we also show the 25 Mg/ 24 Mg and 26 Mg/ 24 Mg ratios, that are extremely dependent on the assumed rates of the proton capture reactions by the two heavy magnesium isotopes. We note in Table 2 that for low metallicity models with Z < 6 × 10 −4 the trend [Al/Fe] vs M is not monotonic for the whole range of masses investigated: for Z = 2 × 10 −4 we find an aluminum enhancement by a factor of ∼ 10 for masses M ≤ 5M ⊙ , whereas slightly lower values ([Al/Fe]∼ 0.6 − 0.8) are predicted for the masses close to the limit for carbon ignition. This effect is due to the very high temperatures achieved by these models at the bottom of their external convective zone, that becomes sufficient to activate efficiently the proton capture reaction by 27 Al nuclei. On the basis of these computations, the maximum enhancement reached by the most massive models of low metallicity is of the order of [Al/Fe]∼ 0.7. We extend here the analysis to lower Z, making use of the new models presented in the previous sections. Unfortunately, the data for the lowest metallicity clusters are quite scarce, and only few data are available for non evolved or scarcely evolved stars.
We will use data for the clusters M15 and NGC 6397. Harris (2003) , so we will use these two sets for the respective comparisons. Sneden et al. (1991) detected a clear spread in the surface oxygen abundances of giant stars in the two metalpoor GCs M15 and M92. Their fig.12 shows that there may be some correlation of the oxygen abundance with the evolutionary status of the individual objects. More luminous stars, closer to the RGB tip, show the lowest oxygen abundances, although a wide spread is found at all luminosities. For the few stars for which also the nitrogen abundance was measured a N-O anticorrelation exists, indicating the presence of material processed by proton capture nucleosynthesis. A more complete analysis of M15 giants, focused on the abundances of oxygen, sodium, magnesium and aluminum, was presented by Sneden et al. (1997) . The main result of this investigation is that oxygen is anticorrelated with sodium, and magnesium anticorrelates with aluminum, indicating again the signatures of proton capture processing. Carretta et al. (2005) examine the CNO abundances for several clusters, including the low Z cluster NGC 6397. Data for dwarf and subgiants are available for CNO and Na. Finally, Cohen et al. (2005) present an analysis of a large sample of spectra of subgiants stars at the base of the RGB of M15, focused on the abundances of carbon and nitrogen.
A straight comparison between the yields of our models and the observations can be used as a test of the selfenrichment scenario only in the case that the observed abundances have not been altered by any in-situ process, to ensure that the chemistry observed is the same with which the stars formed. This is surely the case for the Cohen et al. (2005) and Carretta et al. (2005) data, because the sample of stars observed are in evolutionary stages for which advanced nucleosynthesis in their internal regions can be ruled out on the basis of their low internal temperatures. The same conclusion does not necessarily hold for the two surveys by Sneden and coworkers, that involve only bright giants, close to the RGB tip. Canonical stellar models predict the first dredge-up as the only episode up to the helium flash that can alter their surface chemistry, changing only the abundances of the two carbon isotopes and of nitrogen, leaving unvaried the abundances of heavier nuclei; yet, the investigations by Sweigart & Mengel (1979) , and Cavallo et al. (1998) showed that in low Z (≤ 5 × 10 −4 ) giants rotationallydriven meridional circulation currents, if present, can penetrate deeply into internal regions, because the entropy barrier associated with the drop of the hydrogen content, that prevents the inwards penetration of the surface convetive layer, is more internal. More recently, Eggleton et al. (2008) , based on 3D numerical simulations, found that a deep mixing mechanism associated to a small molecular weight inversion must be operative in all low-mass giants. An observational indication that oxygen can attain lower abundances in luminous giants came from the early M13 data by Sneden et al. (2004) . Furthermore, Carretta et al. (2006) showed that the lowest oxygen abundances in NGC 2808 are present only among giants. Based on these indications, D'Antona & Ventura (2007) reproduced the most extreme oxygen and sodium abundances by applying deep extra-mixing from the bottom of the surface convective envelope of giant stars, based on the assumption that stars born from the ashes of an early generation of massive AGBs should have a higher helium mass fraction, that would decrease the height of the above mentioned entropy barrier that prevents the inwards penetration of the convective envelope. These results indicate that the surface chemistry of low-Z giants can be altered during their RGB evolution, particularly after the CNO burning shell crosses the chemical discontinuity left behind by the first dredge-up episode. Based on this, we proceed to a full, detailed comparison between our theoretical yields and the observed abundance patterns mainly for the case of the O-Na anticorrelation in NGC 6397 and in the case of the M15 C and N data by Cohen et al. (2005) . In spite of the warnings made above, we will also comment on the O, Na, Mg and Al data by Sneden et al. (1997) for M15 giants. Figure 8 shows the Na vs. O data for NGC 6397 subgiants and dwarf stars listed by Carretta et al. (2005) . Upper Fig. 8 . We show the Na-O data for TO and SGB stars belonging to the GC NGC 6397, according to Carretta et al. (2005) . Data for M15 giants by Sneden et al. (1997) are also plotted as asterisks. The triangles and dashed line are the yields of the Z=0.0002 models, while the dots and full line represent the yields of the Z=0.0006 models (6.4, 6.0, 5.5, 5.0 and 4.5M ⊙ models are plotted in both cases). The latter metallicity is the most adequate for NGC 6397, considering the α-enhancement. In order to reproduce the data points, it is necessary to consider dilution curves between the 6.4 and 5M ⊙ yields and an initial composition represented by the vertex of the cone, and correspondig to the first generation composition. limits are indicated by open squares with arrows. We also report the data of M15 giants by Sneden et al. (1997) . An exam of their Figure 4 shows that also the data for M 92 occupy the same region of the Na-O plane. The Na-O yields of our models from table 2 are reported in the figure. It is evident that the models predict much lower oxygen abundance, if the SG stars were formed from undiluted matter from the AGBs. Nevertheless we can reproduce the abundances of these clusters if we make the hypothesis that the matter from the ejecta of stars of initial mass 6.4 to 5M ⊙ is diluted with pristine matter at the level of ∼ 50%
The O-Na anticorrelation in NGC 6397
1 . The two solid curves in the figure represent the composition of matter having the starting abundance of the 6.4 and 5.0M ⊙ ejecta, diluted at different percentages with pristine matter. If we make the hypothesis of dilution, the helium content of the SG stars can be obtained by considering the helium abundance given in Table 2 for the 6.4 and 5M ⊙ stars (Y=0.33-0.36) and diluting it by half with matter having the Big Bang initial abundance Y=0.24. The resulting Y∼0.28-0.30, is consistent with the "short" blue HB of this cluster: an extremely blue HB would be obtained if the AGB matter forming the SG had been undiluted. In fact, if the helium content of the SG were as high as Y=0.36, both a very blue HB (e.g. D 'Antona & Caloi 2004 ) and a split of the main sequence (Piotto et al. 2007 ) as in the cluster NGC 2808 would appear in the data.
The few M15 data shown in Fig. 8 refer to giants, and our models for the metallicity Z=2×10 −4 appropriate for M15, predict SG stars with low sodium and very low oxygen abundances in these same stars, depending on reaction rates. There are currently not enough data available to test these predictions. As for the sodium, we have already noticed that the initial value of 20 Ne in the models and the cross sections can affect very much the final abundance. On the contrary, the oxygen yield can not be changed, unless we re discuss the efficiency of convection in our models. In the following Section, discussing the C and N abundances in M15, we will see that some of its subgiants are consistent with the abundances in our most massive models, so that we should expect to find very low oxygen abundances is these same stars, but data are not available to falsify the model.
The C-N anticorrelation in M15
The main finding by Cohen et al. (2005) , shown in fig.9 and based on the abundances included in their Table 2 , is the existence of a clear anticorrelation between the surface abundances of carbon and nitrogen: a group of star (on the left-upper part of fig.9 ) shows a large enhancement of nitrogen ([N/Fe]∼ 1.4) and a strong depletion of 12 (([C/Fe]≥ −0.8). In Fig. 9 we also add Carretta et al. (2005) data for the cluster NGC 6397. Overimposed to the observed points is our dilution region, obtained assuming different degrees of dilution between matter with the chemistry of models with Z = 2 × 10 −4 and Z = 6 × 10 −4 , and masses between 6.4 and 5.5M ⊙ , and gas with the original "standard " chemistry 2 . We see that the theoretical carbon and nitrogen abundances reproduce satisfactorily the observed patterns.
The few data for NGC 6397 are well consistent with the dilution expected from the oxygen and sodium data shown in Fig. 8 . On the contrary, a direct comparison between Figure 8 and 9 can not be made for M15, as the oxygen and sodium abundances refer to different stars. Nevertheless, the C and N data require that the stars with the lowest carbon abundances are made up from undiluted 2 The mass range from which we think the polluting matter comes from is quite small. This is indeed the reason why models for the formation of multiple populations in globular clusters require that the first generation initial mass must be much larger than the mass observed today (e.g. D'Ercole et al. 2008) Fig. 9 . Data points for TO and SGB stars belonging to M15 (Cohen et al. 2005) are shown as asterisks with error bars. Data for NGC 6397 from Carretta et al. (2005) are shown as full squares. The lines with triangles (Z = 2 × 10 −4 ) and dots (Z = 6 × 10 −4 ) are the theoretical abundances, for masses ≤ 6.4M ⊙ . The cones corresponds to the regions allowed by dilution of the ejecta from masses 6.4≤ M/M ⊙ ≤5.5 with pristine matter having the composition of the cones vertex. ejecta of the most massive AGBs. We predict that these stars should have very low oxygen abundances.
In their comparison between their observed abundances and the previous models by Ventura et al. (2002) (that are in good agreement with the present yields) Cohen et al. (2005) fig.4 ). This conclusion is actually somewhat misleading. In fact, nitrogen, whatever mixture is used, is the least abundant among the CNO elements, so that the final nitrogen yield (proportional to the overall C+N+O abundance , under strong HBB conditions) turns out to be almost independent of the initial nitrogen adopted, provided that the same carbon and (expecially) oxygen are used. We confirmed this conclusion by calculating a 6M ⊙ model with metallicity Z = 2×10 −4 with an initial abundance of nitrogen [N/Fe]=-0.5: we find that the N yield as function of the mass is practically the same (0.05 dex lower) as in Table 2 .
Interestingly, Cohen et al. (2005) . This result is consistent with our finding that for the models experiencing strong HBB involv-ing full CNO burning and in which the effects of TDU are negligible the yields of carbon and nitrogen become Z-independent, and converge to the most extreme values detected by the spectrospic investigations quoted by the authors.
The Mg -Al anticorrelation
Very few data are available, but Sneden et al. (1997) list Mg and Al abundances for the same sample of M15 giants for which we have shown the O-Na data in Fig.8 . Figure 3 in their paper shows the trend of Na, Mg and Al with respect to [O/Fe] in this sample. Our data in Table 2 for Z=2×10
−4 are consistent with these trends: low oxygen corresponds to low magnesium and high sodium. Also in this case, however, we must NOT consider the most extreme yields of the 6.4 and 6.0M ⊙ , as no stars with very low oxygen (and with low sodium, but we regard this result less reliable) have yet been found in the cluster. The lack of low oxygen stars in M15 requires an explanation, and however stars with very low oxygen should be searched for in very low metallicity clusters. If none is found, either the present models achieve too strong HBB, or the problem is shifted to the modalities of formation of the lowest metallicity clusters, in the sense that some other mechanism prevents the formation of SG stars directly from the ejecta of the most massive AGBs. Table 2 shows that the C/O ratio in the ejecta of the lowest metallicity AGB models become increasingly larger as the mass of the model increases, and it is definitely larger than one in the 6M ⊙ model of Z=10 −4 . Thus, during their life, the most massive AGBs of low metallicity become Carbon stars, although this characteristic is not due to dredge up of carbon, but to the very strong oxygen depletion due to proton captures on oxygen nuclei during the hot bottom burning. The occurrence of Carbon-star stages of evolution in massive, low Z, AGBs has been already discussed in Ventura et al. (2002) 3 . A full explanation of the O-Na anticorrelation requires that AGB matter is diluted with pristine cluster matter in most of the SG stars (Ventura & D'Antona 2008) , so it is not clear how large are the C/O ratios we should expect in the low Z clusters. A full discussion of these results is postponed to an analysis including results of modeling at smaller metallicities. Here we limit it to a few speculative issues.
The C/O ratio in low metallicity environments
- Table 2 shows that the ratio C/O from the massive AGB ejecta becomes larger going from higher to lower 3 A different mechanism producing a C-rich stage in massive AGBs is described by Frost et al. 1998 . In that case, the occurrence is due to the combined action of the third dredge up and of mass loss that reduces the action of HBB in the latest phases of the AGB life, and observational counterparts may have been identified in the obscured, C-rich stars of high bolometric luminosity (van Loon et al. 1999 ). metallicity clusters; this matter is also expected to be extremelly oxygen-poor. This theoretical prediction requires observational verification.
-it is curious that clusters of metallicity < 2 × 10 −4 , in which we should positively predict that some second generation stars would have C/O>1, do not exist. There are, however, many carbon-rich halo stars with metallicities smaller than 10 −4 (e.g. SommerLarsen 1995, Beers and Christlieb 2005) . Do carbon rich grains form from the carbon not locked into CO, even if the metallicity is so low? Does this affect the formation of second generation stars? Dust formation in the envelopes of giants is found in C-rich models of stellar envelopes at least down to the metallicity of the Small Magellanic Cloud (Wachter et al. 2008 ).
-in the ejecta having C/O>1, the carbon abundance is small ([C/Fe]<0, Table 2 ), so that the possible observational counterparts can not be looked for among CEMP (carbon enhanced metal poor) stars, defined as stars for which [C/Fe]>1 (Beers and Christlieb 2005) . These models also have extremely low C/N ratios, as nitrogen is very large due to HBB (both carbon and oxygen contributing to it). These are then NEMPs (nitrogen enhanced metal poor stars) in the definition by Johnson et al. (2007) , who failed to find any of such stars by searching among extremely metal poor stars. Notice that a ratio [C/N]≃ −2 is expected from Table  2 , but not even less extreme ratios, like [C/N]≃ −1 -as expected from the models by Herwig (2004) -were found in this survey. The presence of enhanced C and N in extremely metal poor low mass stars presently observed is generally attributed to mass transfer from a previously evolving AGB companion (e.g. Lucatello et al. 2005) . Johnson et al. (2007) attribute the lack of NEMPs to the shortage of binaries with the extreme mass ratios required to produce them. -the presence of large C/O ratios -and of total low C and O abundances, could be detected by looking at the properties of gas and dust in the circumnuclear region of the very high redshift QSO (e.g. Maiolino et al. 2004 ).
Conclusions
We present new evolutionary models focused on the AGB phase of intermediate mass stars (M ≥ 3M ⊙ ) with metallicites 10 −4 ≤ Z ≤ 6 × 10 −4 . These results complete previous investigations of higher Z AGB models by our group. We find that low Z models, due to the lower amount of CNO present in their H-burning layers, attain larger temperatures both in the CNO burning shell and at the bottom of their surface convective region, thus achieving more easily than their higher Z counterparts HBB conditions. For a given luminosity, they suffer a smaller mass loss (due the their smaller radii), thus the total number of thermal pulses that they experience is higher. In the low mass regime (M < 5M ⊙ ), where the effects of the third dredge-up dominate over hot bottom burning, the sum of C+N+O along with Na, Mg and Al increase with decreasing Z (the Al production in these models is favoured by the use of the upper limits of the cross sections of the proton capture reactions by the magnesium isotopes). For masses M > 5M ⊙ HBB takes over as the main physical process changing the surface chemistry, and the abundances of those elements that at high temperatures suffer destruction by proton capture, primarily oxygen and sodium, diminish for decreasing Z; conversely, the content of carbon and nitrogen are seen to be Z-independent for masses close to the limit for carbon ignition in degenerate conditions. A comparison of our yields with those by a different research group confirms that the treatment of convection plays the most striking role in determining the essential evolutionary properties of these class of objects.
The O-Na anticorrelation shown by NGC 6397 stars can be explained if dilution at a level of ∼ 50% between the mass ejected by AGBs and pristine matter is adopted; this is also in good agreement with the resulting helium mass fraction of the SG stars, Y∼ 0.28 − 0.30, that is consistent with the morphology of the HB of this cluster. A comparison with recent spectroscopic results of CN abundances in low luminosity M15 giants shows that the chemistry of the theoretical ejecta of our models agree with the most extreme chemistries observed, i.e. with the stars showing the largest nitrogen enhancement and carbon reduction. This seems to confirm even at these low metallicities that self-enrichment by massive AGBs is responsible for the star-to-star differences observed, though more observational results are needed before drawing more robust conclusions.
Very oxygen-poor stars ([O/Fe]∼ −1) are predicted to exist, as SG stars formed by the winds of our most massive models of Z = 2 × 10 −4 , at least in the most massive very low metallicity GCs.
